A somewhat unconventional but unique model for predicting the binding energies of comparatively heavy p-shell hypernuclei is proposed under a close examination of the bindingenergy formula for ordinary nuclei. A model constructed in this way is understood by interpreting the bound hyperon as a member of the Fermi gas inside the hypernucleus.
The accuracy in experimental measurements of the binding energies of hypernuclei with low mass number has been largely improved. 1 ) ' 2 ) In the early stage of strange particle physics a lot of physical information on the fundamental problems in particle physics was obtained from the hypernuclei. 3 ) However, it seems that extensive work in these ten years including recent studies 4 ) has been devoted to a detailed account of earlier ideas or to the model-dependent calculational technique. The predictive power of the theory was quite limited in those approaches.
The purpose of this paper is to seek, first of all, a more or less general formula for predicting the binding energies of hypernuclei from the limited number of data on low mass nuclei and hypernuclei by examining closely the W eizsackerBethe mass formula 5 )-9
) for ordinary nuclei. 10 ) Secondly, the formula is applied to the p-shell hypernuclei which satisfy some criterion (see later discussion) and lead to the good fit. Thirdly, the well depth of the hyperon is predicted consistently with experiment
11
) under a further examination of the physics involved in this approach.
We shall begin our discussion from the third point. A good p-shell result suggests that we extract an effective formula for the hyperon binding energy B A in that shell nucleus. Furthermore the simplest formula suggests that the hyperon should be considered as a member of the Fermi gas inside the hypernucleus. We cannot use the same parameters as obtained from the above fit to the heavier (unobserved) hypernuclei, but can apply the same functional form when data are available by dividing suitably the whole data into a few (or several if necessary) local mass number regions until we reach the saturation of the hyperon binding energy. Above that mass number the BA stays a constant D, because of the finite range of the hyperon-nucleon potential. This suggests that we use an appropriate step function and proper parameters for each sub-region in expressing the total binding-energy formula of hypernuclei with arbitrary mass number. We look at the effective BA formula at the starting point of saturation Acore (0) and extrapolate it to both infinite and finite (observed) Acore by a straight line from that point.*) In this way we find an effective formula for determining the well depth as by approximating a few (or several if necessary) curved line elements by a straight line. This is completely different from the currently accepted one.ll) The well depth is experimentally determined to be D = 32 ± 0.2 MeV.
The method leading to the above model will be explained qualitatively in this section and we will postpone the details of the method to the succeeding sections. We find, in the first approximation, that the W eizsacker-Bethe formula with a conventional set of parameters works nicely for ordinary nuclei down to A= 7 for odd A, but not for even A below A= 13 and almost equally well for above A= 14 without exception. Confining ourselves to the binding energy data on the ordinary nuclei with A= 6 to 16, which cover the region of mass numbers for the available hypernuclear data, we determine a new set of parameters for the W eizsacker-Bethe formula, which are very close to those calculated from the whole nuclear data except the one for the pairing term. This means that the ordinary formula is inadequate to low-A even nuclei.
For hypernuclei it is usually supposed that a constant (the binding energy of the hyperon for nuclear matter) and a term proportional to (A -1)-2 / 3 (the hyperon kinetic energy) should be added to the W eizsacker-Bethe formula with A replaced by Acore =A -1. We shall show that this idea may not be right, although the data available are not so abundant as to prove directly the incorrectness of the idea. Moreover, we find that the unconscious application of this formula leads to completely unintelligible results, such that some of the seven parameters not only take the wrong signs but also cause large errors in predicting binding energies owing to the extremely large empirical values for some of the parameters.
In this paper, we will show if we analyze, instead, the hypernuclear data simply by using the Weizsacker-Bethe formula with parameters modified by the presence of the hyperon and with A replaced by Acom we make a good fit to the data, especially to the data for Acore =odd integer. At this stage we will reanalyze the data for even A>8 where 1 ]C is the only A= odd hypernucleus included in the analysis. The parameters thus obtained are not appreciably different from those determined from ordinary nuclei and able to represent the hyperon binding effect. Furthermore our values are rather close to the ones determined from the new analysis based on the nuclei with A= 13-257, totally 1234 data. 10 l
Our results are compared with those of relevant works 11 l' 14 l""" 16 l wherever possible. We have also examined various questions concerning the foundation of our model in detail.
Section 2 is devoted to the least-squares method by taking the W eizsackerBethe formula as an example. Section 3 treats an application of the method to nD:clear and hypernuclear physics. In § 4 a new formula for determining the well depth is derived and used to find D. Finally in the last section we discuss our result.
Appendix 1 deals with the various checks which lead us to the content of this paper. Appendix 2 describes the reanalysis on the p 312 -shell hypernuclei. § 2. General procedure We discuss in this section the least-squares method 17 l ....... 19 l for the W eizsackerBethe formula as an example. As we will show in the following sections this formula seems to have a general validity not only to the nuclear systems but also to the hypernuclear ones, where the so-called lambda hyperon is bound by the ordinary nuclei. We also think that this simple example of using the least-squares method for the formula will give a better understanding of the idea which is continually used in the analyses in current issues of journals. *l It is commonly known by the nuclear physicists that the W eizsacker-Bethe mass farmula is given by 5 l .......
where B is the total binding energy of the nucleus, the first to the last 5-th term in the intermediate expression are called the volume, the surface, the isotope, the coulomb and the pairing effect, respectively. A and Z are the mass and the atomic number, respectively. The sign factor YJ is defined as *> In our opinion many authors omit the details of the method or show a part of results with or without consciousness so that we give a rather complete discussion.
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The A dependence of the pairing term was assumed to take either A -l or A-
in BWL 6 ),e) and BF, 7 ) ,B) respectively. The least-squares method gives a determination of the most probable values of a set of five parameters Uj from the observed binding energies of the nuclei. This is performed by determining u/s so as to minimize the so-called x-square (3) where i runs over the given number of data points for (Lj)/s and (Ji is the socalled standard deviation which is an experimental error at each datum point in our case. Probable errors for u/s may be given by
where nD==v =degree of freedom= (number of data) -(number of parameters), and c(nD) is the constant ranging from c(1) =1.000 to c(oo) =0.6745. (We used c(nD) tabulated by Tanaka et al. 20 ) for nD= 1"'-"9 but 0.6745 for nD larger than 9.) dBi is the difference between the calculated and the experimental binding energies, IDI is the absolute value of determinant D constructed of the coefficients of the simultaneous equations as to find the minimum value of X 2 under the variation of u/s, and djj is the cofactor of the j-th element of the matrix D.
The theoretical error expected in each event JBi is defined by
It must be noticed that this relation applies only to linear formulae, such as that considered in this paper, and does approximately to non-linear formulae.*) Sometimes it is more convenient to use the reduced x-square The investigation in Appendix 1 suggests that we use the W eizsacker-Bethe formula as a formula for the effective binding energy for hypernuclei (with an appropriate treatment of it). The first aim of this section is to show why this application is reasonable, secondly to predict lambda binding energies for comparatively heavy p-shell hypernuclei, and thirdly to compare the result with available information.
As we found from the analysis of the ordinary nuclear data, the pairing *) The author is indebted to Dr. T. Matsumoto in the Department of Earth Sciences, Kanazawa University for a useful discussion on this aspect. energy effect causes trouble in using the W eizsacker-Bethe formula for light even-A nuclei, and we have to select a good set of hypernuclear data as an input.
We have chosen altogether seven data from the compilation at both St. Cergue and Argonne. They are lC from which the pairing effect on the mass formula arises mainly, minimizing the difficulty mentioned below.
Substituting Acore =A -1, Z and the experimental binding energies of those hypernuclei into A, Z and B in equations explained in the previous section, we find the result in Table I , where probable errors for each parameter are also given. In order to make the comparison easy, we give the parameters for ordinary nuclei in the same table; confining ourselves to 1) A= 13-257, with 1234 data jC has a value close to the one in case 2) for the BWL and in case 1) for the BF. The four parameters uv, Us, Uz and ua are essentially unchanged in two (BWL and BF) cases so that we can use either scheme for our problem. The size of reduced x-square in hypernuclei analysis is not so large as the analyses in Appendix 2 that the validity of this approach seems to be established at least for the data chosen.
Summarizing the above observation, it seems natural to conclude that the hyperon bound effect can be explained mainly by the modification of the volume and the surface terms of the mass formula in the case considered. If we accept this idea, the binding energy of the hyperon BA(8<A<14) may be approximated by (7) where ouv and OU8' represent the difference of uv and Us from the hypernucleus and its core nucleus, respectively. Numerically ouv = 1.15 MeV and OUs=0.75MeV.
Notice that for Acore=27 the first term of Eq. (7) is more than 80% of the total BA. Postponing the physical interpretation of our model to the next section, we confine ourselves to the comparison of our prediction with experimental and other theoretical results in the remaining part of this section.
The calculated total B and the hyperon binding energies BA are compared with their experimental values in Table II . According to our approach, the comparison between the second and the third columns has a direct meaning in the method applied. The fourth and the last columns are given over to making easier the comparison with the currently tabulated quantities. The overall data are reproduced quite well by the p·arameters listed in Table I errors for these hypernuclei where their BA's satisfy the charge symmetry hypothesis. This is now a well accepted concept through the experimental binding energy analyses of hypernuclei.
)
The calculated binding energy of the l]C appears to be slightly lower than the experimental value. If we consider BA's for these hypernuclei seriously, our calculation contains an error propagation of about JBA::=::::::JBXBA/B.
We think that a direct extrapolation of our p-shell hypernuclei result does not extrapolate well to heavier ones, so we merely list A upto 20 as illustrations in Table III (in BWL scheme). The second and the third columns designated as direct are based on the parameters obtained from the hypernuclear data alone. The fourth, the fifth, the sixth and the last columns specified as indirect are respectively calculated from the combined use of uv, u 8 of hypernuclear data analysis with three remaining parameters of cases 1) and 2) for the ordinary nuclear data analyses (see Table I for BWL). Less significant values are indicated for the indirect case than those in the direct case. Now we are in the position to compare our result with other analysis. Notwithstanding the many parameters introduced, such as the spin-orbit, tensor 
In spite of these data they made a good :fit by assuming only two-body N-A forces. We don't think that there is any meaning in comparing a detail of numerology between their :fits and ours, but our conclusion is evidently that three-body NN A forces should not be very important at this stage of the game. Moreover, hypernuclei below A.= 8 are excluded from their analysis and ours for different reasons of the validity of the models so that the nuclear structure effect is much more important to learn about N-A forces indirectly. If we realize this situation as the total-binding-energy formula for the hypernucleus with arbitrary mass number, for simplicity assuming only one step, we can write a general form of Btot as
where Beare is the binding energy of the core nucleus, D is the well depth, (} (x) = 1 (0) for x>O (x<O) and Acare (0) to both A= oo and the observed low-A region. It means that we are approximating a few (or several) curved line elements of similar character by a straight line in the plot considered. The idea of the extrapolation is similar to Davis et al. 11 ) but the origin of the functional form obtained is completely different as we will explain below. Actually both Davis et al. and our plots discussed above contain some errors in predicting D because of the finiteness of Acore (0). Such an error is expected to be small in the extrapolation procedure considered. (See the first footnote.)
Let us consider a system of the hypernucleus composed of equal numbers of protons, neutrons and lambda hyperons, for simplicity. We follow exactly the same procedure depicted by Preston 9 ) and can show that the kinetic energy of the lambda hyperons similarly for nucleons, is proportional to the total baryon number A. *l In this approach we should use A instead of Acore· In the phenomenological approach in the previous section we used Acore in order to stress the two-body character of NA forces and to make the approach closer to the conventional one. Actually the physical conclusion (not shown in the paper numerically) does not depend whether we use A instead of Acore until we consider the problem of many hyperons bound by the nucleus. Now it becomes clear why our simple model is a success. According to this picture the Acore I dependence of the well depth arises mainly from the surface energy and not from the hyperon kinetic energy:
In the numerical estimate of Eq. (10) we make two choices of data:
1) A= 7 -13, with 10 data 1 l and 2) 7 data in 
We consider that the first set of results may
give a more reliable estimate of D, not only because of the accuracy of the data but also from the nature of the extrapolation considered. We conclude therefore that D = 32 ± 0.2 MeV which is close to the experimental results summarized by Dabrowski and Hassan. 15 ) For the sake of convenience Davis et al.'s result and ours for cases 1) and 2) are plotted in Fig. 1 with different scales for abscissa.
It is interesting to ask about the consistency of the approach in this section and that in the previous section. We expect to have a rough equality
Numerically the l.h.s. is 1.5 ± 0.2 while the r.h.s. becomes 0.7 so that we do not get complete consistency. However this discrepancy should not be taken seriously, because we are doing very drastic approximations in two cases. *) In this argument we neglected the mass difference between the lambda hyperon and the nucleon in a good approximation. § 5. Conclusion and discussion A unified model for estimating the binding energies of the hypernuclei is proposed and examined to a certain extent. In this model the binding energies of the hypernuclei can be studied in a completely analogous manner to that of the W eizsacker-Bethe formula. What we have achieved is (i) an establishment of a selection criterion of the inputs from the limited number of nuclear and hypernuclear data, (ii) a good reproduction of the binding energy data of the observed hypernuclei (8<A <14) and (iii) the derivation of a well-depth value consistent with experiment by making use of a new formula.
The successful fit obtained to the observed binding energies of the limited hypernuclei by our simple model indicates that the hyperon kinetic energy should be included in the volurpe term, by assuming that the hyperon should behave as a member of the Fermi gas in the nucleus in a sharp conceptual contrast with the conventional picture.
A question arises why the Fermi gas model should work so well for the hypernucleus. The first reason may perhaps lie in the fact that the SU(3) symmetry holds correct for hadrons. Even without that symmetry the lambda hyperon should be considered as a member of nucleon family just as Sakata originally proposed as the model of fundamental particles.*) The second indirect reason comes from the fact that the phenomenological N-A forces with hard core 23 ) always give a good result in a manner similar to the N-N forces.
We conclude that the model proposed in this paper has a general validity in the sense that it points a correct direction for the understanding of the problem under consideration. 
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where Uo, is an additional constant representing the well depth of the hyperon. All results (A· 2) ,...,__,(A· 4) cannot accepted physically.
Appendix: 2.

Old Ps;2-shell hypernuclear study
Binding energy formula
where P 1 ' and P./ are parameters for s 1 ; 2 -A and p 812 -N couplings, Cis a constant, a and b are the definite numerical values determined theoretically.
21 )
The relation between P/, P 2 ' and those of Lawson and Rotenberg 22 ) have already been given. 24 ) We have totally four analyses corresponding to two sets of data and to the parallel and the anti parallel spins. of the core nucleus and the hyperon coupling (see Table V ). The reduced x., 2 = 1 denotes .the best fit. 
